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Abstract 

The aim of tliis paper is to study the weU-posedness and the existence of global attractors for a 
family of Cahn-Hilliard equations with a mobility depending on the chemical potential. Such models 
arise from generalizations of the (classical) Cahn-Hilliard equation due to M. E. Gurtin. 

1 Introduction 

In this paper, we address the initial and boundary value problem for the following generalized Cahn-Hil- 
liard equation: 

Xt - Aa {dXt - AX + ^X)) = inOx(0,T), (1.1) 

where (5 > 0, f2 C is a bounded domain, T > a finite time horizon, and a : R ^ M a strictly 
increasing function. 

The classical Cahn-Hilliard equation reads 

Xt-Aw^O, w = -AX + (j){X) mnx{0,T), 

where X is the order parameter (corresponding to a density of atoms), w is the chemical potential (defined 
as a variational derivative of the free energy with respect to the order parameter), and (j) is the derivative 
of a double-well potential. This equation plays an essential role in materials science and describes phase 
separation processes in binary alloys (see, e.g., [51 171 [TB]1 

By considering a mechanical version of the second law of thermodynamics and introducing a new 
balance law for interactions at a microscopic level, M. E. Gurtin proposed in [10] the following equations: 

X.-div(A(X,VX,X„..)V.)^0, i,^,(o,r), 
w^S{X,VX,Xt,w)Xt-AX + (f>{X) 

Taking S constant and A = a{w)I, with a : M — >■ R a positive function, we then obtain an equation of the 
form (|l.ip . in which a is some primitive of the function a. 

In the viscous case (5 > 0, such equations have been studied in [18l [19]. Therein, results on the 
well-posedness and the existence of global attractors have been obtained. 
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Our main aim in this paper is to treat the case (5 = 0. We also consider the viscous case S > under 
different (and more general) assumptions on a and from those in |18l I19j . In particular, we prove the 
existence of solutions both in the non-viscous case 6 = (cf. Theorem [T|) and in the viscous case 6 > 
(see Theorem [5]). In the latter setting, under more restrictive assumptions on the nonlinearities a and 
0, we also obtain (cf. Theorem 3.1) well-posedness and continuous dependence results for (the Cauchy 
problem for) For S > we are also able to study the asymptotic behavior of the system and 

establish the existence of the global attractor (see Theorem [S]) in a quite general frame of assumptions 
on a and cf), which may allow for non-uniqueness of solutions. That is why, for this long-time analysis 
we rely on the notion of generalized semiflows proposed by J.M. Ball in [5], and on the extension 
given in [50]. Finally, relying on the short-trajectory approach developed in [T3], we also conclude the 
existence of exponential attractors and, thus, of finite-dimensional global attractors. We recall that an 
exponential attractor is a compact and semi-invariant set which has finite fractal dimension and attracts 
the trajectories exponentially fast; note that the global attractor may attract the trajectories at a slow 
(polynomial) rate (see, e.g., pi M fT5]). 

This paper is organized as follows. In Section 2, we define our notation and give some preliminary 
results. Then, in Section 3, we state our main results, whose proofs are carried out in the remaining 
sections. Finally, in Appendix, we introduce the approximation scheme for our problem and justify the 
a priori estimates (formally) developed throughout the paper. 



2 Preliminaries 

Notation and functional setup. Throughout the paper, we consider a bounded domain 17 C M'^, 
with sufficiently smooth boundary 912, and write |0| for the Lebesguc measure of any (measurable) 
subset C 12. Furthermore, given a Banach space B, we denote by || • \\b the norm in B and by b' •} b 
the duality pairing between B' and B. We use the notation 

H := L^{n), V := H\n), Z := {v e H^{n) : dnV = 0} , 

and identify H with its dual space H' , so that ZcVcHcV'cZ', with dense and compact 
embeddings. We denote by J{, V, Z, V , and Z' the subspaces of the elements v of H, V, Z, V' , and Z', 
respectively, with zero mean value m{v) = J^ ^'(w, 1)^. We consider the operator 

A:V^V\ v'{Au,v)v I Vu-\/v Vm,wGF, (2.1) 

Jn 

and note that Au G V for every u Q V. Indeed, the restriction of A to V is an isomorphism, so that we 
can introduce its inverse operator 3\r : V — > V. We recall the relations 

y,{Au,7{{v))y = y,{v,u)y W & V, Vv E V' , (2.2) 

y,{u,J^{v))y= [ VmiL))-\/mv))dX= y,{vMu))y U , V E V' , (2.3) 

and that, on account of Poincare's inequality for zero mean value functions, the following norms on V 
and V: 

WuWl, := y,{Au,u)y + m{uf Vm £ V^, 

\\vfy, := y,{v,J<{v-m{v)))y + m{vf Vz; G F', 

are equivalent to the standard ones. It follows from the above formulae that 

\\v\\l, = y,{vMv))v Vz;6V'. 

It is well known that the operator A (j2.ip extends to an operator (which will be denoted by the same 
symbol) A : H ^ Z' . The inverse of the restriction of A to Jf is the extension of Ji to an operator 
?\f : Z' — > J{. By means of the latter, we define the space 

W-2'?(f7) {y e z' : Ji{v) e Li{n)} for a given g > 1, 
with the norm w-2.<!(o) ||^(i0IIl'!(O)- 
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The following result shows that, for q £ (2, 6) (which is the index range relevant to the analysis to be 
developed in what follows, cf. p.?! ). the space W~^''?(51) can be identified with the dual of the space 



q' being the conjugate exponent of g. We endow the latter space with the norm ||2||-w2,<j'(f2') := \\A. 



w2.<!'(o) •— ll^^llL9'(n)' 
which is equivalent to the standard W'^''^ -norm by the (generalized) Poincare inequality. 

Lemma 2.1. For q G (2,6), the operator J : "^-^.'(O) {Y^'^'i' {U))' defined by 

(w.„,(f2)),(J(«),z)w.V(n) - v'{A^Mv))v forallzeW^^^'in) and v e W-''^^n) (2.5) 
is an isomorphism. 

Proof. We preliminarily note that, since q S (2,6), the conjugate exponent q' belongs to (6/5,2) and, 
consequently, one has the following embcddings: 

J{ C V c W-2'9(17), L«'(17)cV', ZcW2''5''(^2). (2.6) 

Clearly, the operator J is well defined, linear, and continuous, since, for all z G W^''' (fi) and v G W^^'''(i7), 

{3{v),z) 

< \\M\Li'{n)\\'^i'^)\\Li(n) < \\4w'^.->'{n)\Mw--->{a} ■ (2.7) 

Furthermore, for every v G W~^'''(f2), one can choose z^, = INf(|?\f(u)|*^^[N'(u)) (note that z^ is well defined 
and belongs to V, since |N(w)|'J-2?^(w) G L''' {ft) C V by the second of d^). Then, 

\\Az.4L.'in) = IIIWI^"'WIIl.'(o) = mv)\\T.ln)^ 

so that 

l|J(«)ll(w2..'(a))' > \r-T, = |,^» .||<;-i = = Mw-^-^{n) ■ 

\\zv\\w^.,'(^n) W^i^nlhm 

In view of (|2.7p . we conclude that J is an isometry. In particular, it is injective and the image J(W^^''?(r2)) 
is closed in (W^''^ (^))'- To conclude that J is surjective, we will prove that 

J(W-2-9(0)) is dense in (W^'"?' (17))'. (2.8) 

Indeed, let z G W'^''^' (fl) be such that 

(w.„,(,j)),(J(«),z)^.„,(j,) = for aU v G W-^'^iQ). (2.9) 

In particular, (|2.9p holds for all w G Jf, so that, also in view of (j2.2[) . 

= y,{Az,'N{v)}y = y,{v,z}y = / zv for aU w G . 

Jn 

From the above relation, we easily conclude that z = 0, whence (|2.8p . □ 

A generalization of Poincare's inequality. The following result will play an important role in the 
derivation of the a priori estimates of Section 14.11 



Lemma 2.2. Let X and Y be Banach spaces, with X reflexive, and assume that 

X (s=Y with compact embedding. (2.10) 
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Conside 



G : X ^ Y a linear, weakly-weakly continuous functional, (2-11) 
5* : X — > [0, +oo) a 1-positively homogeneous, 

sequentially weakly lower- semicontinuous functional. 



(2.12) 



Assume that G and comply with the following compatibility condition; for all v G X , 

Gv = and ^'(w) = ^ v^O, (2.13) 

and that 

3G>1: yveX ^i\\v\\Y + \\Gv\\Y)<\\v\\x<Ci\\v\\Y + \\Gv\\Y) . (2.14) 

Then, 

3K>0: yveX \\v\\x < K {\\Gv\\y + '<if{v)) . (2.15) 

Proof. Assume, by contradiction, that (|2.15p docs not hold: then, there exists a sequence {vn} C X 
such that, for every n e N, 

\\Vn\\x>ni\\GVn\\Y+'^{Vn)) ■ (2.16) 

In particular, this yields that ||wn||x =/= for all n. Letting Wn ■— v„/\\vn\\x and using the 1-homogeneity 
of we deduce from (|2.16l) that 

||Gw„||y + *(?/;„) < - for every n g N, 

giving 

Gwn -> in F and ^'(ti;„) -> as n +oo. (2-17) 

On the other hand, by the reflexivity of X, there exists a subsequence {wnk} weakly converging in X to 
some w. In view of (PTTU|) - (PT^ . we find 

-> w in y, Gwn^. Gw in Y, 5'(w) < lim 5'(w„j.) . 

Hence, (PTT)) yields that Gw = and l'(w) = 0, so that, by (EUS]), w^O. Thus, by (PH)) and (PT7)) . 

^ Inn \\x < G liin {\\wn, \\y + \\Gwn, \\y) = 0, 

in contrast with the fact that = 1 for all n G N. O 

A compactness criterion. Let 

C R'', d > 1, be an open set with |0| < +oo, 

(2.18) 

B be a separable Banach space, and 1 < p < -\-oo. 

We recall that a sequence {un} C LP{0]B) is p-uniformly integrable (or simply uniformly integrable if 
p = 1) if 

Ve>0 3S>0: VJcO \J\ < 5 => sup [ \\u^{y)fgdy < e. (2.19) 

n6N J J 

We quote the following result (cf. [H Thm. III. 6]) which will be extensively used in what follows. 

Theorem 2.1. In the setting of (j2.18|) . given a sequence {un} C L^iO^B), assume that there exist a 
subsequence {w„j.} and a measurable function u : ^ B such that 

Wnfc(y) — > u{y) in B for almost all y E . 

Then, u„^ u in LP{0; B) if and only if it is p-uniformly integrable. 
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Finally, for the reader's convenience, here below we report the celebrated lower semicontinuity result due 

to A.D. lOFFE [12]. 

Theorem 2.2. Let / ; x R" x M™ — > [0, +oo], n, m > 1, be a measurable non-negative function such 
that 

/(cc, •, •) is lower semicontinuous on R" x R™ for every x G 0, (2.20) 
f{x, u, ■) is convex on R" for every {x, u) £ x R". (2.21) 

Let {uk,Vk), iu,v) : — > R" x M™ be measurable functions such that 

Uk{x) — >■ u{x) in measure in 0, v^ v weakly in L^[0;W^). 

Then, 

liminf / f{x^Uk{x),Vk{x))dx> / f{x,u{x),v{x))Ax. (2.22) 
2.1 Global attractors for generalized semiflows 

As mentioned in the introduction, in order to study the long-time behavior of solutions to the generalized 
Cahn-Hilliard equation (jl.l[) in the viscous case, we rely on the theory of generalized semiflows introduced 
by J.M. Ball in [2]. In order to make this paper as self-contained as possible, in this section we recall 
the main definitions and results of this theory, closely following [5]. 

Notation 2.3. The phase space is a (not necessarily complete) metric space {X,dx), the distance dx 
inducing the Hausdorff semidistance e of two non-empty subsets A, B (Z X by the formula g{A, B) := 
sup„g^infhgBdx(a, 6). 

Definition 2.4 (Generalized semiflow). A generalized semiflow $ on X is a family of maps g : [0, -|-cxd) — > 
X (referred to as "solutions") satisfying the following properties: 

(PI) (Existence) for any go G X , there exists at least one g (z § such that g(0) = go; 

(P2) (Translates of solutions are solutions) for any g G § and t > 0, the map g^{t) :— g{t + t), 
t G [0, +oo), belongs to S; 

(P3) (Concatenation) for any g, h E § and r > with h{0) = g{T), then z € §, z being the map 
defined by 

i^it) ifO<t<T, , , 

z{t) ■■= < / . - - ' 2.23 

\h{t-T) ift>T; ^ ' 

(P4) (Upper-semicontinuity w.r.t. the initial data) if {gn} C S and gn{0) — !• goi then there exist 
a subsequence {guk} of {gn} and g £ § such that g{0) ~ go and gnk{t) ^ .9(0 /''^ '^^^ t > 0. 

Orbits, w-limits and attractors. Given a solution g G S, we recall that the uj-limit uj{g) of g is 
defined by 

uj{g) := {x <E X : 3{t„} C [0, +cxd), t„ — !> +cxd, such that g{tn) — > x} . 
Similarly, the u-limit of a set E C X is given by 

uj{E) {x £ X : 3{gn} C S such that {.g„(0)} C E, {5„(0)} is bounded, and 
3{<„} C [0, +oo), t„ +00, such that gn{t„) — > .t}. 

Furthermore, we say that it; : R — A" is a complete orbit if, for any s G R, the translate map w'^ , 
restricted to the positive half-line [0, -f cxd), belongs to S. For every t > 0, wc can introduce the operator 
T(t) : 2^ ^ 2^ by setting 

T{t)E := {g{t) : g £ § with .g(0) G E} for ah E CX, (2.24) 
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and define, for t > 0, tlie set 

Y{E) ■.^Ut>rTit)E. 

The family of operators {T{t)}t>a defines a semigroup on tlie power set 2^. Given subsets U, E C X , 
we say tfiat U attracts E if e(T{t)E, [/) — >■ as i — >■ +oo. Furtliermore, we say that U is fully invariant 
if T{t)U = U for every t > Q. Finally, a set C X is the global attractor for S iff it is compact, fully 
invariant under S, and attracts all the bounded sets of X . 



Compactness and dissipativity properties. Let § be a generalized semifiow. We say that S is 

eventually bounded iff, for every bounded set B C X, there exists r > such that j'^{B) is bounded; 

point dissipative iff there exists a bounded set Bq <Z X such that, for any g £ §, there exists r > 
such that g{t) £ Bq for all t > t. The set Bq is then called a (pointwise) absorbing set; 

compact iff, for any sequence {gn} C S with {.gn(0)} bounded, there exists a subsequence {gnk} such 
that {gukit)} is convergent for any t > 0. 

We note that the notions that we have just introduced are not independent one from another (cf. 
Props. 3.1 and 3.2] for more details). 



Lyapunov function. The notion of a Lyapunov function can be introduced starting from the following 
definitions: we say that a complete orbit p £ § is stationary if there exists x G X such that g(t) = x for 
alH £ R - such an x is then called a rest point. Note that the set of rest points of §, denoted by Z($)^ is 
closed in view of (P4). A function T/^ : X — > R is said to be a Lyapunov function for S if 1/ is continuous, 
y{g{t)) ^ ^(^(■s)) for all 5 £ § and Q < s <t (i.e., V decreases along all solutions), and, whenever the 
map t I— >■ V{g{t)) is constant for some complete orbit g, then g is a stationary orbit. 



Existence of the global attractor. The following theorem subsumes the main results from [5] (cf. 
Thms. 3.3, 5.1, and 6.1 therein) and provides the basic criteria for the existence of the global attractor 
A for a generalized semifiow §. 

Theorem 2.3. Let § be an eventually bounded and compact generalized semifiow. Assume that S also 
admits a Lyapunov function V and that 

the set of its rest points Z{§)) is bounded. (2.25) 

Then, S is also point dissipative, and, consequently, it possesses a global attractor. Moreover, the attractor 
A is unique, it is the maximal compact fully invariant subset of X , and it can be characterized as 

A = |J{w(-B) : B <ZX bounded} = cj(X). (2.26) 

Finally, for every g G §, 

w(ff) C Z{§). (2.27) 

Remark 2.5. Actually, it is immediate to check that, if S is compact, eventually bounded, and admits 
a Lyapunov function, then condition (j2.25p can be replaced by 

3VCX, B^0, such that Vi>0, 

[the set Z(§) n D is bounded inX. 

Then, under these hypotheses, S also possesses a (unique) global attractor A (Z D and (|2.27p holds. 
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(HI) 



3 Main results 

3.1 A global existence result for the non- viscous problem 
Assumptions on the nonlinearities. We assume that 

a : M — !• R is a strictly increasing, difFerentiable function such that 
3p>0, 3Ci,C2>0: VreK Ci {\r\^P + l) < a' (r) < C2 {\r\^P + l) ■ 
Clearly, the latter growth condition entails that 

3C3, C4, C5>0: VreM Cglrpf+i - C4 < a(r)sign(r) < C5 (|r|2f+i + l) . (3.1) 
Concerning the nonlinearity 0, we require that 

dom((/)) = /, / being an open, possibly unbounded, interval (a, b), —00 < a < < b < +00, 

0eCi(/), 

lim (p{r) = —00, lim <f>{r) = +00, (H2) 
lim 0'(r) lim 4''(r) = +00 . 

We shall denote by (p (one of) the antiderivative(s) of (p. It follows from the above assumptions that (p is 
bounded from below. Hereafter, for the sake of simplicity, we assume that 

^(r) > for aU r el. (3.2) 

Furthermore, (jH2l) obviously yields that 

3C^,i>0: Vre/ </)'(r) > , (3.3) 

namely, </> is a Lipschitz perturbation of a non-decreasing function. In particular, we will use the fact 
that there exists a non-decreasing function [3 : I ^M. such that 

0(r) - /3(r) - C^.i'- Vre/. (3.4) 

Consequently, is a quadratic perturbation of a convex function. Arguing in the very same way as in jl4| 
(where the case / = ( — 1, 1) was considered), it can be proved that, under these conditions, the following 
crucial estimate holds: 

ymeia,b) 3C„i, C'^>0 : yre{a~m,b-m) \(f>{r + m)\ < Cm(f'{r + m)r + C'^ . (3.5) 

Finally, we also assume that 

3 a e (0,1), 3C6>0: Vre (a, 6) |0(r)|" < (^(r) + l) , (H3) 
and that the following compatibility condition holds between a and the growth index p of a in (jHip : 



(7>max<i ^^-4,0S> . (H4) 



, 6p + 2 ' 

Hence, ii p < 1/2, then any a G (0, 1) is admissible, while if, for instance, p = I, then the range of 
admissible cr's is (3/8, 1), and it is (9/14, 1) for p = 2. 

Notation 3.1. Hereafter, we will use, for every p > 0, the short-hand notation 

„ 2p+2 _ 6p + 6 6-a 

P^-~2p+r '^^■~2p+l' '^^^ ~ (3-3a)(2p+l) • ^^'^^ 
For later convenience, we note that pp and Kp are decreasing functions of p and 

1 < /9p < 2, 3 < Kp < 6 for every p > 0. (3.7) 
Furthermore, it can be checked that 

> 1 for every p>Q and for aU a > max \ , > . (3.8) 

I 6p + 2 J 
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The existence result. We are now able to give the variational formulation of the boundary value 
problem associated with in the non- viscous case. 

Problem 1. Find a pair {X,w) fulfilling 

Xt+A{a{w))=0 in W-'^'^" {n) a.e. in(0,T), (3.9) 
AX + (l){X)^w a.e. in ri X (0, T) . (3.10) 

Note that, owing to Lemma [^31 is equivalent to 



for all V e W^'^'^'in) a.e. in (0, T). 



(3.11) 



(H5) 



Theorem 1. Under assumptions (IHip - (|H4[) . for every initial datum Xq satisfying 

Xoev, ^iXo)eL\n), (3.12) 

there exists at least a solution {X,w) to Problem{Il with the regularity 

X e L'^{0,T;W^'%n))r]L^{0,T;V), Xt & L"^"" iO,T;W~^-''''{Q)) , (3.13) 

w e L^iO,T;V), a{w) e L'^'"'iO,T;L''''{n)) , (3.14) 

fulfilling the initial condition 

X(0) = Xo m V. (3.15) 
A formal proof of this result will be developed in Section S] and rigorously justified in Appendix. 

3.2 A global existence result for the viscous problem 

We replace our assumptions (|H2[) - (jH4p on cj) and its antiderivative (p by 

^ : M ^ M belongs to C^(M) and satisfies 

3C7>0: VreR |0(r)| < C7 (^(r) + l) . 

The latter assumption means that we consider potentials with at most an exponential growth at 00, 
and it clearly yields that (j> is bounded from below. Hence, as in p.2p . we again assume that (p takes 
non-negative values. Furthermore, as in the non-viscous case we require that 

3C0,2>O: VreK (/-'(r) > -Q,2 . (H6) 

This and (jH5p imply that the map 

^ C 

r e M M> (j)[r) H 2~^'^ convex and bounded from below. (3.16) 

Remark 3.2. Let us point out that p.l6p yields 

|0(r)| < 10(0)1 + |0(r)||r| + for ah r G M. (3.17) 
Indeed, it follows from (|3.16D and an elementary convexity inequality that, for every r e M, 

^(0) - 0(r) - > -r {^{r) + C^^^r) , 

whence we deduce p.l7p with straightforward algebraic manipulations. 

We will address the analysis of the Cahn-Hilliard equation p.ip in the viscous case under the afore- 
mentioned assumptions. The related variational formulation reads 

Problem 2. Given ^ > 0, find a pair {X,w) fulfilling 

Xt+A{a{w))=0 a.e. in X (0, T) , (3.18) 

SXt + AX + (f>{X) = w a.e. in r2 X (0, T) . (3.19) 
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The existence result. 

Theorem 2. Assume (|Hip . (|H5I) . and (jH6p . Then, for every initial datum Xq complying with (j3.12p . 
f/iere exists at least a solution {X,w) to Problem\^ with the regularity 

X £ L^iO,T; Z) n {0,T;V) n H\0,T; H) , (3.20) 

w e L^{0,T;V)nL^P+'^{0,T;L°°{n)), a{w) e L"" {0,T; Z) , (3.21) 

and such that X satisfies the initial condition p.lSp . 

We refer to Section |3] for a formal proof of Theorem [5] and to Appendix for all rigorous calculations. 
In addition, we also have the following regularity result, which plays a key role in Section [3.41 

Proposition 3.3. Assume (jHl[) . (jH5[) . and (jH6p . Assume that, in addition, (j) satisfies 

$£C^{R) and3C^^3>0- Vr G M W {r)\ < C^^3{1 + \r\*) . (3.22) 

Then, for all < t < T , the pair (X, w) has the further regularity 

X e L°°{T,T;Z)r\H^{T,T]V) , (3.23) 
aiw) e LP^ir^T^H^in)) . (3.24) 

In particular, if Xq G Z, then the above properties hold for any t E [0,T). 

Remark 3.4. From the proof of Proposition 13.31 it is not difficult to recover a uniform estimate of the 
following form: 

\mL-=°(r,T;Z)nm(T,T:V) + || "(w) || iPp (r,T;ff3 (fi)) < Q(t"~\ ll^ollv), (3.25) 

where Q is a suitable function which is nondecreasing with respect to both arguments. 
3.3 Well-posedness for the viscous problem 

Continuous dependence on the initial data and uniqueness. We will prove uniqueness (and 
continuous dependence) results for Problem [2] under more restrictive assumptions on a and on the growth 
of the function 0. In particular, we are going to consider two sets of assumptions. 

First, we will suppose that </) behaves like a polynomial of degree at most 3. For the sake of simplicity 
and without loss of generality, we will carry out our analysis in the case when (j) is the derivative of the 
double-well potential (f){r) ~ (r^ — 1)^/4. Furthermore, we will replace (|Hip by 

a : M — > M is a strictly increasing and difFerentiable function such that 
3C9, Cio > : Vr e M Cg < a'{r) < Cio , 



and (|H5])-(|H6l) by 

0(r)=r3-r VrGR. (H8) 

Theorem 3.1. Assume (jH7p and (jHSp . Let X^ and Xq be two initial data for Problem\^ fulfilling (j3.12p 
and set Af* := maxi=i_2{||''<^oll y}/ l^-i ^i, * = 1,2, be the corresponding solutions. Then, for every 6 > 0, 
there exists a positive constant Ss, also depending on 

M„T, Cg, andCio, (3.26) 

such that 

\\Xi{t) - X2{t)\\v + \\Xi- X2\\HHo.t:H)nLHo.t:Z} < Ss\\xl - xl\\v V< G [0, T]. (3.27) 

Our second continuous dependence results holds in the more general frame of assumptions of Propo- 
sition [231 but for more regular initial data. Indeed, we have 

Theorem 3.2. Assume that (jHip holds for some p G [0,1], and that (j> complies with (jllSp . (jH6p . 
and p.22p . Let Xq and Xq be two initial data for Problem\^ such that Xq € Z and (?!'(Xg) G L^{^1) for 
i = 1,2, and let Xi, i — 1,2, be the corresponding solutions. Then, for every 5 > Q, there exists a positive 
constant Ss, also depending on T, Ci, C2 and AI* := maxi=i^2{||^oll2}' such that estimate (j3.27p 
holds for all t e[0,T]. 
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3.4 Global attractor and exponential attractors for the viscous problem 

The energy functional associated with Problem [2] reads 

£ : X M, £(w) := i / jVvp + / ^{v) for ah vCX. (3.28) 



Consequently, we introduce the phase space (X, dx) of energy bounded solutions, defined by 
X = |t; e 1/ : 0(v) e , 



dx(wi,W2) = Iki - V2\\ma-i) + (j){vi) - (j){v2) 



for all vi, V2 (z X. 

Li(0) 



(3.29) 



The following definition details the properties of the solutions to Problem [2] to which our long-time 
analysis will apply. 

Definition 3.5. We say that a function X : [0, +oo) X is a solution to Problem [5] on (0,+cxo) 
if, for all T > 0, X enjoys regularity p.20p on the interval (0,r) and there exists a function w, with 
regularity (|3.2ip for all T > 0, such that equations (j3.18[) - (|3.19p hold almost everywhere on x (0, +oo). 
We set 

S = {X : [0, +oo) X : X is a solution to Prohlem\^on (0, +oo)} . (3.30) 
We assume that, besides (|H1[) . a complies with the following condition, slightly stronger than (|H1[) : 
3ca>0, 3 4' : R ^ [0, +oo) convex : Vr e M a(r)r - Ca|rpP+2 = *(r) . (H9) 
Hence, our first result asserts that the solution set S is a generalized semiflow in the sense of Definition [531 
Proposition 3.6. Assume (|HT|) . (|H5|) - (|H6l) . Then, 

1. every X £ § (cf. p.30p ) complies with the energy identity 

5 I I + I / a'(u))|Vu;p + £(X(t)) = £(X(.s)) forallO<s<t, (3.31) 



the function w : (0, +oo) V being defined by (j3.19[) on fl x (0, +00). 



2. Assume that a in addition complies with (jH9p . Then, the set § is a generalized semiflow in the 
phase space (j3.29p . and its elements are continuous functions from [0,+C!o) onto X. 

We prove our main result on the long-time behavior of the solutions to Problem[2] under a further condition 
on 0, which in particular implies (and thus replaces) (|H6p . namely 

lim (/)(r) = +CXD, lim (f){r) ~ —00 , 

.^+00 r^-o. ^^^^^ 

lim (f) (r) = lim (r) — +00 . 

r— >H-oo r— ^ — 00 

Theorem 3. Assume (jHip . (jHSp . (jH9|) . and ()H10p . For a given mo > 0, denote by i/ie set 

»mo ={XeX : |m(X)| <mo} . (3.32) 
Then, the semiflow § possesses a unique global attractor A in Dm,,, given by 

A:=[J{uj{D) : D C bounded} . (3.33) 
Finally, we have the following enhanced regularity for the elements of the uj-limit of every trajectory: 

Vpe[l,+oo) 3Cp>0: VXeS, VXew(X) \\X\\w^.Hi^) + M^)hpin) < Cp . (3.34) 
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Remark 3.7. Notice that, in the case 

(/) is a polynomial of even degree m > 4, with a positive leading coefhcient, (3.35) 
then conditions (jHSP and (jH10|) arc satisfied. 

Remark 3.8 (Enhanced regularity of the global attractor). In addition to hypotheses (jHip . (|H5[) . (|H9[) . 
and (jlflOp of Theorem [21 assume that 4> complies with p.22p . Then, the enhanced regularity esti- 
mate ((3?23| holds for X. 

This regularity is reflected in the further regularity 

AdZ, (3.36) 

for the global attractor A, which holds provided that one works with the (smaller) set of solutions to 
Problem [2] arising from the approximation procedure which will be detailed in Appendix. In fact, the 
estimates leading to p.23p can be rigorously justified only for this approximate problem, as we will see 
in the proof of Proposition 13. 3[ cf. Section 14.31 Now, the aforementioned family of "approximable" 
solutions to Problem[2] (see, e.g., [TJ [501 HH [H] for analogous constructions) complies with the properties 
defining a generalized semiflow, except for the concatenation axiom. This has motivated the introduction 
in [20l [22] of the (slightly more general) notion of weak global attractor, tailored to the weak generalized 
semiflows without the concatenation property. Hence, relying on the abstract results of [201 [21] and 
arguing as in the proof of Theorem [31 it is straightforward to prove that the semiflow associated with 
the approximable solutions to Problem [5] admits a weak global attractor for which p.36p holds. On the 
other hand. Theorem [2 below shows that, under the stronger assumptions of Theorem 13.21 the scmifiow 
possesses the standard global attractor A satisfying p.36p . namely, ^1 is a compact and invariant set 
which attracts (in the T^-metric) all bounded sets of initial data as time goes to infinity. 

We conclude this section by showing that it is also possible to construct an exponential attractor 
through the short-trajectories approach developed in [13]. Let us first set for a given r > 

Xr = L^{0,T;V), ^ {ue L^iO,T;Z) : m £ L^{0,t; H)} 

and observe that is compactly embedded in X-r- 

Under assumptions (|Hip . (jHSp . (|H6p . and p.22p . we know that, for any Xq £V and any T > 0, there 
exists a pair (X, w) which solves Problem [5] with the regularity ([5?^ (cf. Theorem[5] 

and Proposition 13. 3p . In particular, X GYt- In addition, thanks to p.3ip and arguing in the same way 
as in the forthcoming Section [4.11 it is not difficult to show that ||X||yy can be estimated uniformly 
with respect to ||Xo||y, . The energy identity also entails the existence of a bounded set B° C V such 
that, if {X,w) is a solution to Problem [5] with the aforementioned properties, then there exists > 0, 
only depending on ||Xo||v, such that X{t) G i?° for all t > and X{t) G i?° for all i > whenever 
Xq G i?" (see the proof of the eventual boundedness of § in Section 15. 2p . Let us now consider the set 

= {X : (0, £) V} of all the i'-trajectorics X such that (X, w) is a solution to Problem [5] satisfying 
([3!20)) . ([3?2T]) . ([3?23| . (|X24)) . Then, we endow this set with the X^-topology (note that it might be a 
non-complete metric space). Moreover, denoting by Vw the space V endowed with the weak topology, we 
have jCi C C°([0, £]; T4,). Consequently, any f-trajectory makes sense pointwise. 

From now on, we assume that assumption (|Hip holds for some p G [0, 1]. Thanks to p.23p . for any 
^-trajectory, there exists r G (0,^) such that X(t) G Z. This is sufficient to conclude that X is unique 
from T on, as a consequence of Proposition 13.31 and Theorem 13.21 Therefore, if X G and T > £, then 
there exists a unique X G Xt such that X|[o.£] = X. Thus, we can define a semigroup Lt on Xi by setting 

(itX)(T) :=X(t + T), TG[0,^], 

where X is the unique element of X^j+t- such that X|[q ~ X. 
Let us now set 

:= {X G X^ : X(0) G B"} . 

Then, by Proposition 13.31 we can infer that the set {x|[£/2/] • ^ £ is bounded in L°°{£/2,£; Z). 
Hence, we can prove a continuous dependence estimate like p.27p . which allows us to apply |131 Lemma 2.1] 
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and deduce that Lt is Lipschitz continuous on B^, uniformly with respect to i G [0, r] for any fixed r > 0. 

Observe that, arguing as in Section l473l we can prove that B} = L^(S°) C for some r > 0. From 
this fact we deduce that the dynamical system {Xi,Lt) has a global attractor (see [131 Thm. 2.1]). 
In addition, L^- : is Lipschitz continuous for some t > 0. Indeed, recall that Bj is bounded in 

L~(0, i; Z)ni?i(0, i; V) and use ([X?7l) . Thus, on account of [H Thm. 2.2], we can infer that Ai has finite 
fractal dimension. In order to go back to the original geometric space we introduce the evaluation 
mapping e : Xi ^ V, e{X) := X{£). Then, we set B^ := e{Bl) and we note that, for any Xq £ B^ , there is 
a unique solution to Problem [2j so that the solution operator St is well defined on B^ and St(B^) C B^, 
for all t > 0. In addition, e is (Lipschitz) continuous on B\ (use (|3.27p and [131 Lemma 2.1] once more). 
Therefore, we use [131 Thm. 2.4] to deduce that A := e{Ai) is the finite-dimensional global attractor of 
the dynamical system {B^,St). 

It remains to prove the existence of an exponential attractor. We already know that Lt is Lipschitz 
continuous on Bj, uniformly with respect to t G [0, r] for every fixed r > (see above). Thus, we only 
need to show that t i— >■ LtX is Holder continuous with values in V, uniformly with respect to X € B^. 
This follows from [T31 Lemma 2.2], recalling that B^ is, in particular, bounded in H^{0, £;V). Hence, 
(X^, Lt) has an exponential attractor £^ and £ := e{Ei) is an exponential attractor for {B^, St). 

Summing up, we have proved the 

Theorem 4. Assume that ()H1[) holds for some p G [0, 1]. Also, assume (jH5l) . (|H6|) . and p.22p . Then, 
there exists a bounded invariant set B^ C V such that Problem\^ generates a dynamical system {B^,St) 
which possesses an exponential attractor £. In addition, the system also has a global attractor A with 
finite fractal dimension. 

Note that, in the framework of Theorem SI neither assumption (|H9|) nor (IH10[) are needed. 

4 Proofs of Theorems [1] and [2] 

Scheme of the proofs of Theorems [T] and [2l We will prove Theorems [1] and [2] by taking the limit of 
a suitable approximation scheme for Problems [1] and [H For the sake of readability, we postpone detailing 
such a scheme in Appendix. 

In Section 14.11 we will instead perform all estimates leading to the aforementioned passage to the 
limit directly on systems p.9p - (j3.10p and (|3.18|) - (j3.19p . Note that, at this stage, some of the following 
calculations will only be formal, cf. Remark 14.21 below. Their rigorous justification will be given in 
Appendix, see Section [Ol 

Next, in Section (in Section IT31 respectively), we will carry out a passage to the limit in some 
unspecified approximation scheme for Problem [T] (for Problem [51 respectively) and conclude the (formal) 
proof of Theorem [T] (of Theorem [51 respectively) . In Section IA.2[ we will adapt the limiting arguments 
developed in Sections 14.21 and 14.31 to the approximation scheme for Problems [1] and [2] and carry out the 
rigorous proofs of the related existence theorems. 

Notation 4.1. We will perform the a priori estimates on systems (j3.9p - p.l0p and (j3.18p - (j3.19p . distin- 
guishing the ones which hold both in the viscous and the non-viscous cases from the ones which depend 
on the constant 5 in (|3.19p (which can be either strictly positive or equal to zero), and on our different 
assumptions on the nonlinearity (/) in the viscous and non-viscous cases. Accordingly, we will use the 
generic notation C for most of the constants appearing in the forthcoming calculations and depending on 
the problem data, and Cg (Co, respectively) for those constants substantially depending on the problem 
data and on (5 > (on (5 = 0, respectively). We will adopt the same convention for the constants S**, Sg, 
I > 1. 

4.1 A priori estimates 

First a priori estimate. We test (|3.18p by w, p.l9p by Xt, add the resulting relations, and integrate 
over some time interval (0,t) C (0,r). Elementary calculations lead to 

/7 a'H\vw\'+6 f\\xtrH + hm{t)rH+ [ ^ix{t)) = hmo\\i+ [ ^(xo). (4.1) 

Jo Jn Jo ^ Jn ^ Jn 
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Recalling p.l2p . the second of ()H1[) (which, in particular, yields that o! is bounded from below on R by 
a positive constant) and the positivity of (cf. p.2p ). we conclude that, for some constant > 0, 

Ww\\l2(o,T-H) + ||VX||i.c(o,T;H) + ||0M||l~(O,T;L1(O)) < S\ (4.2) 

First a priori estimate in the viscous case. In the case i5 > 0, from the previous a priori estimate 
we also have 

\\^t\\L^{0,T-H) + ll^llL=(0,T;y) < S} . (4.3) 

Second a priori estimate. We test (j3.18p by 1 and find m(Xt) = a.e. in (0, T), so that, in particular, 

m(X(t)) = mo := m(Xo) VtG[0,r]. (4.4) 
Hence, testing p.l9p by 1, we obtain 

m{(j){X{t))) ^ m{w{t)) for a.a. t e (0,T). (4.5) 



Second a priori estimate in the non- viscous case. It follows from (|4.4p and the Poincare inequality 
that 

ll>^llL-(o,T;y) <^'- (4.6) 

Third a priori estimate in the non-viscous case. We test (|3.10p by X — m(X): we have, for a.e. 
t G (0,T), 



VX(t)||^+ / 0(X(t))(X(i)~m(X(t)))= / w{t) {X{t) - miXit))) 

(wit) - m{w{t))) (Xit) - m(X(i))) ^^'^^ 

< C\\VX{t)\\H\\Vw{t)\\H < CS^\\Vw{t)\\H, 

the latter estimate ensuing from the Poincare inequality for zero mean value functions and the pre- 
vious (|4.2p . On the other hand. (j3.5p and (|4.4p yield that there exist constants Cma,C!^^ > such that, 
for a.e. t e [0,T], 



mm < c^o / mm (x{t) - m{xm + . (4.8) 

Combining this with (|4.7p . we deduce that there exists C > 0, also depending on C„i„ and on C^i^, such 
that, for a.e. t € (0,T), 



|0(X(t))| <C(||Vi«(t)||H + l) . (4.9) 
Thus, in view of (|4.2p . we obtain an estimate for (?!)(X) in L^(0, T; -L^(f7)). Finally, due to (|4.5p . we find 

II"^(u')IIl2(o,t) < Cq. 

Hence, by (|4.2p and the Poincare inequality, we conclude that 

\\w\\lho.T;V) < Si . (4.10) 

Third a priori estimate in the viscous case. Estimate (|4.2p for 0(X) and (|H5P yield that 

II'/'(X)||l~(o,T;L1{o)) (4.11) 
Recalling (|4.5p . we immediately infer that 

\\m{w)\\L^(o^T)<Sl (4.12) 

whence, again, 

lkllL^(0,T;y) < (4.13) 
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Fourth a priori estimate in the non-viscous case. We preliminarily observe that, thanks to p.4p . 
equation (jS.lOp can be rewritten as 

AX + ^(X) = t« + C0,iX a.e. in r2 x (0, T) . (4.14) 

Notice that, in view of and the right-hand side of belongs to L'^{Q,T] L^{n)). Hence, 

we can test (|4.14p by |/3(X)|'*/3(X) and easily conclude that 

II^^I|l2(0,T;LS(O)) + ||/3(X) ||i2(o, T;Le(n)) < Cq. 

Then, also by standard elliptic regularity results, we find 

I0(^)lli2(o, T;L6(n)) + ||X||L2(o,T;M'2.6(a)) < Sl . (4-15) 

Fourth a priori estimate in the viscous case. Wc combine (|4.3p and (|4.13l) and argue by comparison 
in (|3.19D . Relying on (jH6|) and on the related elliptic regularity estimate, we have 

mr}\\mo,T;H) < Sl , (4.16) 

as well as an estimate for AX in L^(0, T; iJ), so that 

II^IIl^(o,T;Z) < (4.17) 

Fifth a priori estimate. It follows from (gH) and dHi]) that j'^ ^ w^PjVwp < C, whence we conclude 
that 

\\V{\w\Pw)\\l^.^o.T;H)<S'' ■ (4.18) 
Sixth a priori estimate in the non-viscous case. From (|4.2I) . (|H3p . and (|4.15p . we deduce that 

lll</'('*'^)rilL2/^(0,T;L6/<'(n))nL=°(0,T;Li(O)) < C'o • (4.19) 

Using the interpolation inequality 

v« e Li(r!) n l6/-(o) |K>|L./.(o) < IkllLi(o) Ikliy.(o): with - 

we obtain the estimate 

lll0MniL..(o,T;LV.(n)) <Co, with = ^ ^ = (4.20) 

whence a bound for (/)(X) in L'^'^'' (0, T; L^(51)). Taking into account (I4.5L wc conclude that 

II™(m')IIl-<;^(o,t) < Co , whence || |m(w)|P+^ ||i(<„„)/(p+i)(o -r) < Co . (4.21) 

On the other hand, applying the nonlinear Poincare inequality (j2.15[) with the choices X = V , Y — H , 
Gv = Vw, and ^(u) = J^^ |u| p+Tsign(w)|P"^^, where v = \w\Pw, wc find 

lllu'rii'lly < K (\\Vi\w\Pw)\\H + \m{w)f+^^ . (4.22) 

Therefore, combining estimate (|4.2ip for |m(w)|P+^ with (j4.18p . we finally obtain, owing to the Poincare 
inequality 

|||w|*'w||i(„,„)/(p+i)(o,T;y) <Co. (4.23) 
Using the embedding V C L^(f2) and the growth (j3.ip for a, we infer 

l|a(w)||L'.p<.(o,T;L''p(n)) < 5*^ (4.24a) 

(where we have used the fact that {aqa)/{2p + 1) equals the index -qp^ defined in p.6p ). Hence, by 
comparison in p.9p . we also conclude that 

||Xt|U.p.(0,r;W-2.«p(l])) < St (4.24b) 
(see again p.6p for the definition of Kp). 
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Sixth a priori estimate in the viscous case. Combining (j4.12[) . ()4.18p and the Poincare-type in- 
equality (1422)) . we deduce an estimate for jwl^u; in L^{0,T;V). Then, arguing in the same way as 
for (|4.24ap . we have 

l|a(w^)llL''3'(o,r;L»p(n)) <Cs, (4.25) 
the index pp being defined in p.6p . Now, in view of estimate gS]) for Xt in L'^{0,T;H), a comparison 
in p.l8[) yields an estimate for A{a{w)) in L^{0, T; H). By elliptic regularity results, we finally conclude 
that 

II«HIIl^p(o,T;Z) <^J- (4.26) 

Seventh a priori estimate in the non-viscous case. Our aim is now to show that 

< Si, with aq, = j-^ > 2 . (4.27) 

Indeed, again recalling the embedding V C L^{fl), we observe that (|4.23p yields an estimate for w in 
L'"i''{Q,T;L^v+^{n)). Then, taking into account estimate (g^l) for X in L°^{Q,T;L^{^1)), together with 
the aforementioned elliptic regularity argument, we find estimate (j4.27p by a comparison in (j4.14p . 

Seventh a priori estimate in the viscous case. We combine estimate (j4.26|) . the continuous embed- 
ding Z C L'^in), and the growth condition to deduce an estimate for w in L^'^^^p+i) j-q^ 
wlrence 

lkllL^p+^(o,T;L-(n)) < si. (4.28) 

Remark 4.2. Notice that all the a priori estimates for the viscous Problcm[2]are in fact rigorously justified 
on system (|3.18l) - (j3.19|) . This has significant repercussions on the long-time analysis of Problcm[2] Indeed, 
this allows us to work with the semiflow associated with the solutions to Problem [2] (cf. p.30p ') and prove 
the existence of a global attractor in the sense of However, as pointed out in Remark l3.81 if we address 
further regularity properties of the attractor (e.g., p.36p ). then we need additional estimates which cannot 
be performed directly on system p.l8p - p.l9p . due to insufficient regularity of the solutions. Thus, we 
have to rely on some approximation. On the one hand, this leads to a smoother attractor A, but, on the 
other hand, we lose the concatenation property of the trajectories (cf. [20l[22]); moreover, only trajectories 
which are limits of the approximation scheme will be attracted by the smoother attractor A. 

We also point out that the viscous system p.l8p - p.l9p cannot be used as an approximation for the 
non-viscous problem. Indeed, it is not difficult to realize that the fourth a priori estimates (|4.14p - (j4.15p 
(yielding a bound for 0(X) which plays a crucial role in the ensuing calculations) are not compatible with 
the term 6Xt in (|3?T9| . 

This fact seems to suggest the use of two different approximation schemes for Problem[l]and Problem^ 
which would lead to cumbersome and repetitious calculations. In order to circumvent this problem, we 
will construct in Appendix an approximation scheme depending on two distinct parameters and prove 
the existence of solutions to Problem [1] by passing to the limit in three steps. Since the (rigorous) proof 
of existence for Problem [2] can be performed along the very same lines, we have chosen not to detail it in 
Appendix. 



4.2 Proof of Theorem [T] 

Let {(X„,ti;„)} be some sequence of approximate solutions to Problem [TJ Due to estimates (|4.2p . (|4.6p . 
(|4.10p . (|4.15p . and (|4.24p . applying standard compactness and weak compactness results (see [33]), we 
find that there exists a pair (X, w) with the regularities specified by p.l3p - p.l4p such that, along a (not 
relabeled) subsequence, the following strong, weak, and weak* convergences hold as n ^ +oo: 

X„^X \n L\0,T-W^-''\^))r\L'i{Q,T-V)nC''{[Q,nH^-'m ^^^^^ 

for every e > and 1 < q < +oo, 

X„-^X in L^{0,T]W'^^^{n))r\L°°{0,T]V), (4.30) 

X„,t-Xt in L''''-(0,T;W-2^'^-(r!)), (4.31) 

Wn ^ w in L^{Q,T]V). (4.32) 
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Furthermore, there exists a G L^p''{0, T; L'^p(ri)) such that 

a(w„)-^a in U''"'{0,T;L^'-{n)). (4.33) 

Now, estimate (j4.27[) in particular yields (recall that aqc > 2) that 

the sequence {0(X„)} is uniformly integrable in L^{0,T; H). (4.34) 

Furthermore, we have, up to a further subsequence, 

0(X„(x,t)) -> 0(X(a;,<)) for a.a. (a;,t) G 1^ X (0,r) , (4.35) 

which is a consequence of the continuity of (/) and of the pointwise convergence (up to a further subse- 
quence) Xn{x,t) X{x,t) a.e. in 17 x (0,T) (cf. (g^). Combining ^^M^i and and recalling the 
compactness criterion Theorem 12.11 we conclude that 



0(X„)^0(X) in L'^{0,T;H). (4.36) 
Exploiting (|4.29p - (|4.36p . one easily concludes that the triplet {X,w,a) satisfies 

Xt + Aa^O in W^^.^p (f^) ^^^^^ (g^ ^ (4 37) 

ylX + 0(X) = i(; a.e. in 17 X (0, T) . (4.38) 
Finally, in order to prove that 

a{x, t) = a{w{x, t)) for a.a. {x, t) e ft x (0, T) , (4.39) 
we test the equation approximating (j3.10[) by Wn and integrate in time. We thus have 

lim / / \wnf = lim / / (/)(X„)?i!„ + lim / / VX„ • Vw„ 

/" (j){X)w+ [ [ \7X-Vw 
Jsi Jo Jn 

T 

2 



Jn 

where the second equality follows from convergences (|4.29p . (|4.32p . and (j4.36p . and the last one from (j4.38p . 
Hence, we conclude that 

Wn — > w in L^(0, T; H), whence w„ — >■ w a.e. in 17 x (0, T) 

(the latter convergence holding up to a subsequence). By continuity of a, we also have a{wn) — >■ a{w) 
a.e. in 17 X (0,r). Estimate (|4.24ap (recall (|3.8p ) and again Theorem 12.11 yield . for instance, that 

a{wn)~^a{w) in L\0,T;L\n)), 

whence the desired equahty (|4.39p . n 

4.3 Proofs of Theorem [2] and Proposition 13.31 

Proof of Theorem[2l Let {(X„,w„)} be some sequence of approximate solutions to Problem[2j Thanks 
to estimates (|4.2p . (|4.3p . (|4.13p . (j4.17p . (|4.26p . and (|4.28p . applying standard compactness and weak 
compactness results (see [13]), we find a triplet {X,w,a) such that, along a (not relabeled) subsequence, 
the following strong, weak, and weak* convergences hold as n — > +00: 

Xn^X in L\0,T;H^-%n))nL\0,T:V)nC''{[0,T];H^-'{n)) 

for every e > and 1 < q < +00, 

Xn^X in L^{0,T;Z)r\L°°{0,T;V)nH\0,T;H), (4.41) 

w,Aw in L^{0,T;V)nL^P+^iO,T;L°^{n)). (4.42) 
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In particular, from (|4.4ip . we deduce that 

N(X„,0^^(Xt) mL\0,T;Z). (4.43) 

Furthermore, by (|4.25p . there exists a G LPp{0,T; L'^p{fl)) such that 

a{w„ )^a in LP" {0,T;L'''-{n)) . (4.44) 

Now, up to a subsequence, by the last of (|4.40p and by continuity of 0, we have, for all t £ [0,T], 

(j){Xn{-,t))-^cb{X{-,t)) a.e. in^!. (4.45) 

On the other hand, it follows from estimate (j4.16[) that 

the sequence {0(X„)} is uniformly integrable in ^^(0, T; L^{n)). (4.46) 

Then, by (|4.45p - (|4.46p and Theorem 12.11 we conclude that, along the same subsequence as in (|4.45p . 
4>{Xn) 4>{X) in L^{0,T; L^{il)). We then have, up to a subsequence, 

(l){Xnit)) ^ (j){X{t)) in Li(17) for a.a. t e (0,r) . (4.47) 

Next, using (|4.1ip . we see that 0(X„) is uniformly integrable in L'^{0,T; L^{il)) for all v E [l,+oo). 
Applying Theorem 12. 11 from (j4.47p . we deduce that 

(l){Xn) ^ (j){X) in L''(0,r;Li(r2)) for every !/ e [l,+oo). (4.48) 

Collecting (|4.40l) - (|4.44p and (|4.48p . we conclude that the triplet {X,w,a) satisfies 

Xt+Aa = a.e. in n x (0, T) , (4.49) 
5Xt +AX + (j>{X) = w a.e. in rj x (0, T) . (4.50) 

It remains to show that a = a{w). To this aim, we note that a defines a maximal monotone graph in the 
duality (L^p+s^^i x {Q,T)),LPp{n x (0,T))) (note that pp and 2p + 2 are conjugate exponents). Taking 
into account relations (j4.42p and (j4.44p . and applying a well-known result from the theory of maximal 
monotone operators in Banach spaces (see [3j Lemma 1.3, p. 42]), it is then sufficient to prove that 

limsup / / a{wn)wn < / / aw. (4-51) 
n->+oo Jo Jn JO Jn 

Now, 

/ a{wn)wn= / / {a{wn) - m{a{wn))) Wn + \^\ I m{a{wn)) m{wn) 
Jn Jo Jn Jo g2) 

w„3Nf(X„,t) + |0| / m{a{wn)) m{wn) , 



10 Jn Jo 

where the second equality follows from p.lSp . Then, using (|2.2p and (|3.19p . we find the chain of inequal- 
ities 

limi 



iminff / / u;„3^(X„.t)) 



"'SI 

>liminf5/ ||X„,i||y'+ lim / / X„,tX„ + lim / / 0(X„):K(X„,t) 

>S f \\Xt\\l,+ f f XtX+ f f 0(X)?^(Xt) 
Jo Jq Jn Jo Jn 

wl^{Xt) = - / / [a-m{a))w, 
Jn Jo Jn 



(4.53) 
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where the second inequahty follows from convergences (j4.40p and ()4.4ip for X„ and from combining (j4.43p 

with (j4.48[) . while the subsequent identities are due to (|4.49p ~ (|4.50p . On the other hand, it follows 
from that 

m{a{wn)) m{a) in L''" (0, T), (4.54) 
whereas, from (I4.48p . we gather that 

m(w„) = to(0(X„)) -> m((^(X)) = m{w) in L'^p+'^{0,T). (4.55) 

Combining (|4.54p - (|4.55p . we conclude that 



lim / m{a{wn)) 'rn{wn) = / m{a)m{w). (4.56) 
"^+°° Jo Jo 

Collecting (|4.52l) . (|4.53p . and (j4.56p . we infer the desired (|4.51|) . Ultimately, we have proved that 



a{wn) a{w) in L^" {0 , T ; L'^" (n)) and lim / / q;(w„)w„ = / / a{w)w . (4.57) 



n— f +00 



Jn Jo Jfi 



Proof of Proposition 13. 3L In order to prove that system p.l8p - p.l9p enjoys the regularization in 
time (|3.23p - (|3.24p . using the Gagliardo-Nirenberg interpolation inequality we note that L^{0,T;Z) fl 
L°°{0,T]V) C L^(0,T;Vr^'i2/5(f])) with continuous embedding. Therefore, regularity for X and 

standard Sobolev embeddings yield 

miL-im^Hu)) < C . (4.58) 

Now, we test p.l9p by AXt- Note that all the forthcoming computations are rigorous on the appro- 
ximation scheme for Problem [2] which we will detail in Appendix. Elementary calculations yield 

with 

h ■■= I ■yXt<ll IVXtp + ^ I |Vu.|2 , (4.60) 

/2 - / <^'(X) (VX • VXt) 
Jn 

< C^,3 I |VX||VX,| (1 + |X|4) 

Jn (4.61) 

<C\\VXt\\H\\VX\\L^n){\\nU(n) + ^) 

<^l|vxt|ll/ + c(||x||i..(o) + i) llxlll, 

where the second inequality follows from p.22p . the third one from the Holder inequality, and the last 
one by taking into account the continuous embedding Z C W^'^{^). 

Collecting (|4.59p - (|4.60p . taking into account (|4.58p . and applying the uniform Gronwall Lemma (see 
[231 Lemma III. 1.1]), we find for every t > an estimate of the form p.25p for VXt in L^(t, T;iJ) and 
for AX in L°°{t,T;H), whence 

X G L°°(t, T; Z) n H^{t, T; V) for ah < r < T . 

Then, a comparison in (|3.18p also yields a bound for A{a{w)) in L^p {t,T;V), whence an estimate for 
a{w) in LPp{T,T;H^{n)), in view of (jX^ . Thus, we conclude as well as estimate (jX^ . 

□ 
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5 Global attractor for Problem [2] 
5.1 Proof of Proposition 13.61 

We need two preliminary lemmas. The first one clarifies some properties of the energy functional £ (|3.28|) . 

Lemma 5.1. Assume (jHSP - (|H6[) . Then, the functional £ : X — > M defined by (j3.28p is bounded from 
below, lower-semicontinuous w.r.t. the H -topology, and satisfies the chain rule 

for all V £ H\0,T;H) with Av + (j){v) £ L'^{0,T;H), 

the map t £ [Q,T] ^ £(«(<)) is absolutely continuous, and , , 

(5.1 j 

-£(f(t))= jjt{t){Av{t)+(^{v{t))) for a.a. t £ {0,T) . 

Proof. In order to prove the lower-semicontinuity property, we fix a sequence {Vn} converging to some v 
in H and assume, without loss of generality, that sup„ £(wn) < +00. Since </> is bounded from below, we 
conclude that is actually bounded in V, and thus w„ — ^ w in V, yielding jVwp < liminf„ |Vti„p. 
On the other hand, 

liminf / ^(-u„) = liminf / ( 0(u„) + - lim / |u„|^ 

Ccj,,2 I |2 \ ^"0,2 f I |2 



the latter inequality following from p.l6p and, for instance, from loffe's Theorem 12.21 Finally, to check 
the chain rule (|5.ip . we observe that the functional 

£cv(w) £(v) + %^ / |f P forallweX (5.2) 
2 Jn 

is convex, thanks to p.l6p . Then, (|5.1I) follows from the chain rule for £cv, see [5l Lemma III.3.3]. □ 
Lemma 5.2. Assume (IHll). Then, 



for allw£Vr\ L°°ifi), there holds Va{w{x)) = a' {w{x))\7w{x) for a.a. x £n. (5.3) 

Proof. Since ft is smooth, we can take a sequence {wk} C C^(ri) such that Wk w in V D L'^{il) for all 
1 < q < +00. Clearly, for all fc € N, there holds 

Va{wkix)) = a'iwk{x))\7wkix) yx£n. (5.4) 

Now, since a'{r) grows like |rpP by (jHip . we conclude that a'{wk) — > and a{wk) a{w) in i''(f2) 

for all 1 < q < +00. Therefore, Va(wfe) ^ a'{wk)Vwk a'{w)\7w in LP{n) for ah p e [1,2) and ((O)) 
follows. □ 

Proof of Proposition [3T6l Thanks to Theorcm[21 the set § complies with the existence axiom (PI) 
in Definition 12.41 The translation property (P2) is immediate to check. Concerning the concatenation 
axiom, let Xi and X2 be two solutions to Problem[2]on (0, +cxd), satisfying Xi(t) = ^2(0) for some r > 0, 
and let the functions wi and W2 be such that, for i = 1,2, the pairs {Xi,Wi) satisfy equations p.lSp - 
p.l9p . with regularities (|3.20p and (|3.21l) . Then, one easily sees that the concatenations (cf. (|2.23|1 ) X and 
w oi Xi, X2 and wi, W2, respectively, satisfy equations p.l8p - (|3.19p . and still enjoy regularities (|3.20p 
and (13.211) . respectively (the fact that Xi(r) = X2(0) is crucial for the time-regularity of X). 

To prove that all solutions X £ § arc continuous w.r.t. the phase space topology (|3.29p . let us fix 
{tn},to in [0, +00), and show that 

tn-^to ^ (\\Xitn)-X{to)\\v+ ?(X(t„)) - 0(X(io)) ^ j^O as n ^ +00 . (5.5) 
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Indeed, thanks to regularity p.20p . for all T > 0, the function X : [0,T] ^ V is continuous w.r.t. the 
weak T^-topology, hence 

X(i„) ^ X(to) in V. (5.6) 

Therefore, by Lemma l5. 11 we have 

liminf £(X(t„)) > £(X(to)). 

Tl— >-!-oo 

Combining this inequality with the continuity of the map t e [0, T] i— > £(X(f)), one concludes that 

2 / \V7VU m2 



lim / |VX(i„)|^ = / |VX(<o)r, (5.7a) 

lim / 0(X(t„)) = / 0(X(to)) • (5.7b) 

Clearly, (|5.6I) . combined with (|5.7al) . yields that X(t„) — > X(to) in V. In order to prove the additional 
convergence 

||0(X(t„)) -^(X(to))||Li(o) ^0 asn^+TO, (5.8) 
we note that (j5.5p implies, in particular, that 

0(X(-,i„)) ^ ^(X(-,to)) a.e. infi. (5.9) 

In view of jTTl Lemma 4.2], (|5.9p . combined with (|5.7bp and the fact that (f> takes non-negative values, 
yields (EH). 

The energy identity (j3.3ip follows by multiplying (|3.18p by w (note that the latter is an admissible 
test function, thanks to p.2ip '). p.l9p by Xt, adding the resulting relations, taking into account the chain 
rule (|5.ip and formula (|5.3p . and integrating in time. 

It remains to prove the upper-semicontinuity with respect to the initial data. To this aim, we will 
exploit p.3ip . Thus, let us fix a sequence of solutions {X„} C § and Xq G X, with 

dx(X„(0),Xo) -> as n — !> +oo, so that, in particular, £(X„(0)) £(Xo). (5.10) 

Identity (j3.3ip yields that there exists a constant C > such that, for all n e N, 

S f f \9tXn\^ +11 a'{wn)\Vwn\'' + £(X„(t)) = £(X„(0)) < C for aU t > 0. (5.11) 
Jo Jo, Jo Jn 

Arguing as in Section gUl we obtain estimates (g^I, (ig . (|i?T^ . (|IT7)) . and for the 

sequence {(X„,w„)}, on every interval (0,T). Therefore, with a diagonalization procedure, we find a 
subsequence {(X„j^ , «;„^ )} and functions (X,W7) : (0,+cxo) ^ X x 1/ for which (|4.40p - (|4.42p . (|4.48p . and 
(|4.57p hold on every interval {0,T), for all T > 0. Using all the aforementioned relations, we have 
X(0) = Xo and, arguing as in Section H31 we conclude that X 6 S. In order to prove that 



foraUi>0, ||X„,(t) -X(t)||y + <?!)(X„, (t)) - 0(X(i)) as fc ^ +cx), (5.12) 

we first obtain some enhanced convergence for the sequence {wn^}. To this aim, we note that, for every 
T > 0, there holds 

Calimsup / / |w„^^p''+^ < limsup / / a(w„j^)u)„^ - liminf / / *(u)„J 

fe-^ + oo Jo Jn fc^+oo Jo Jn k-^+oo Jq 

< r [ a{w)w - r [ r [ \w\^p+^ . 

Jo Jn Jo Jn Jo Jn 

Indeed, the first inequality follows from (jH9p . the second one from the second convergence in (j4.57p . 
and from (|4.42p . together with the convexity of 5* (thanks to loffe's Theorem [H]), and the third one 
from (|II9p again. Taking into account the fact that 



Jn Jo Jn 



limmf / / |u>„,pP+2 > / / |^|2p+2^ 
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due to (|4.42p . we have 

Wn, in L2p+2(o, T; L'^P+^{n)) for all T > 

and, thus, finally, 

Wn^ — !■ w in measure in x (0,T) for all T > 0. (5.13) 
As a consequence, for all t > 0, 

liminf / / a'KJ|Vw„j2 > /■ fa'iw)\Vw\\ (5.14) 

thanks to the convergence in measure (|5.13p . the weak convergence (|4.42p for {Wwn^} in L^{0,T; H) 
for all T > 0, and again loffe's Theorem 12.21 Hence, passing to the limit in the energy identity (j5.1ip 
(written for the functions (X„j.,?i'„^. )), we infer, for all t>0, 

\dtXf+ f f a'{w)\Vw\^ + E.{Xit)) 
Jn Jo Jn 



< liminf U/ / \dtXnJ'+ / / a'{w^J\Vw,,,\^ + S.{XnAt)) 



<limsup(,5 / / \dtXnJ^+ I I a\w^,)\VwnJ^ + £{Xn,{t)) 
k-^+oo \ Jo Jn Jo Jn 



Jo Jn 

t r ft f 

2 



(5.15) 



lim £(X„,(0)) = £(Xo) = '5 / f\dtX\^+f f a' {w)\^w\^ + E{X{t)) , 

Jo Jn Jo Jn 



where the first inequality follows from (j4.40p - (|4.4ip . (|5.14p . and the fact that £ is lower-semicontinuous 
w.r.t. the i7-topology, the third one from (|5.11D . the fourth one from (|5.10p . and the last equality from the 
energy identity (|3.3ip satisfied by all solutions in S. With an elementary argument, we deduce from (j5.15|) 
that, for alH > 0, 

f f \dtXnJ^ ^ f f \dtX\^, whence X„, -> X inH\0,t;H), 
Jo Jn Jo Jn 

as well as 

£(X„,(t))^£(X(t)). 

Arguing in the same way as throughout (|5.6p - (|5.9p and again invoking [T71 Lemma 4.2], we obtain (|5.12p . 
This concludes the proof. □ 



5.2 Proof of Theorem H 

Eventual boundedness. In order to check that § is eventually bounded, we fix a ball B{0, R) centered 
at of radius R in X, some initial datum Xg £ i?x(0,i?), namely satisfying (recall that we can assume 
that (/) is a positive function) 

ll^olk+ / HXo)<R, (5.16) 
Jn 

and consider a generic trajectory X G S starting from Xq. Recalling the energy identity (j3.3ip . we find, 
for aU t > 0, 

/ ^(^(<)) < < £(^o) < i?, / \\7X{t)f<2R. (5.17) 

Jn Jn 

Now, taking into account the fact that m{X{t)) = m(Xo) for alH > (cf. (|4.4p ). we deduce from (|5.17p a 
bound for ||X|jioo(o.+oo:V')- Hence, there exists R' > such that dx{X{t),0) < R' for all t > 0. Since Xq 
is arbitrary, we conclude that the evolution of the ball Bx{0, R) is contained in the ball Bx{0, R'). 
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Compactness. In order to verify that S is compact, we consider a sequence {Xn} C § such that 
{X„(0)} is bounded in X. We write the energy identity (jS.lip and, as in the proof of Proposition 13.61 
deduce that there exist a subsequence {{Xnf,,Wn^)} and functions {X,w) : (0,+oo) X x V for which 
convergences (|4.40p - (|4.42|) . (|4.48|) . and (|4.57p hold on every interval (0,T) for aU T > 0. However, we 
cannot prove that 



\\X„^it) ~ X{t)\\v + (biXn^it)) ~ (biX{t)) foralH>0, (5.18) 

arguing in the same way as throughout (|5.12p - (|5.15p . for, in this case, wc do not have the convergence of 
the initial energies £(X„^. (0)) at our disposal. Then, we rely on the following procedure (see also pOl \n\ 
for the use of an analogous argument). 

First, we apply Holly's compactness principle (with respect to the pointwise convergence) for monotone 
functions to the functions t ^ £(X„j.(t)), which are non- increasing in view of the energy identity (|5.1ip . 
Thus, up to a (not relabeled) subsequence, there exists a non-increasing function : [0, +oo) M such 
that 

(t) := lim £(X„,(t)) foralH>0. (5.19) 
By the lower-semicontinuity of £ (w.r.t. the iJ-topology) , we find 

£(X(t)) < £(1) for all t > 0. (5.20) 
On the other hand, (|4.40p ensures that, up to a further extraction, for almost all s e {0,t), 

X„,(s)->X(s) in (17) for all £> 0, whence X„Js) ^ X(s) in H\n) n (n) . (5.21) 
Thus, in particular, 

0(X„, (•, s)) ^ 4>{X{-, s)) a.e. in n . (5.22) 
Moreover, for every C there holds 



\HXnM)\<mm\ + ^ j^\XnM?+ / muMWuMi 

<c(\0\ + f |(/)(X„,(s))| 



(5.23) 



where the first inequality follows from p.l7p and the second one from (|5.2ip . Notice that the right-hand 
side of (|5.23p tends to zero as |0| — > 0, since the sequence {^(X„^(s))} is uniformly integrable in L^{n) 
thanks to (|4.48p . Hence, (|5.23p yields that {(/>(X„j. (s))} is itself uniformly integrable in L^{fl). Combining 
this with (j5.22p . in view of Theorem 12.11 we conclude that (/)(X„^(s)) — >■ 4>{X{s)) in L^(f2). Finally, we 
have shown that there exists a negligible set ^ C (0, +oo) such that 

(r(s) = lim £(X„,(s)) = £(X(s)) for a.a. s G (0, +oo) \ ^ . (5.24) 

We are now in a position to carry out the argument for (jS.lSp (which bypasses the lack of convergence of 
the initial data in the phase space p.29p ). using the fact that the energy identity (|5.1ip holds for alH > 0. 
Indeed, for every fixed t > and for all s G (0, t)\^, we can pass to the limit in the energy identity (|5.1ip . 
written for the sequence (X„j.,w„^) on the interval {s,t). Note indeed that convergences (|4.40p - (|4.42p 
and (|4.48p for (X„^, w„j.) hold on (s,t). Proceeding as above, we then deduce once more that 

lim / / a{wnjwnf^ = / / C({w)w , 

whence — >■ li; in L^p+^(s, i^^+^(ri)). Therefore, repeating the very same passages as in (j5.15p and 
relying on (|5.24p . wc find 

\dtX\^+ f f a'{w)\Vw\'' + £{X{t)) 
Js Jn 

•t n nt 



k 



hin (sj [\dtX„J^+[ /a'(u;„J|V«;„j2 + £(X„,(t))) 
-^+°° V Js Jn Js Jn ) 
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which gives 



and, finally, (|5.18p . 



S'it) = lim £(X„,(t)) = £(X(t)) for alH > 0, 



Lyapunov function and rest points. We now verify that £ acts as a Lyapunov functional for §. 
Actually, £ clearly is continuous on X and decreasing along all solutions, thanks to the energy iden- 
tity p.31|) . Furthermore, assume that, along some X G §, the map t G [0,-|-oo) 1— > £.{X{t)) is constant. 
Then, in view of ([53T|) . we find Vw = and Xt = a.e. in (0, +00), so that X(t) = X(0) for ah 
t £ [0, +00). Analogously, we immediately find that X e X is a. rest point for S if and only if it satisfies 
the stationary system 

A{a{w))=0 a.e. inrj, (5.25a) 
AX + 4>{X) = w a.e. in 17. (5.25b) 



Conclusion of the proof. We apply Theorem [23] and Remark [23] with the choice D :~ D„io for some 
mo > (cf. (|3.32|) '). Thanks to (|4.4D (recall the second a priori estimate in Section HTTj) . for all Xq e 2)mo: 
every solution starting from the initial datum Xq remains in Dmoj so that the first condition in (j2.28|) 
is satisfied. To check the second one, we fix some X G Z{§) with |m(X)| < mg. It follows from (|5.25ap 
and (|H1[) that Vw = 0, so that Hi is constant in ft. Hence, we test (|5.25b[) by X — m(X). Since w = m{w), 
we infer that 

l|VX||l^+ / 0(X)(X-m(X)) < 0. (5.26) 

On the other hand, (|H10[) ensures that estimate p.5p holds, so that there exist constants 'Xmo^ > 
only depending on mo, such that 

\4>{X)\ < ^mo f 0(X)(X - m(X)) + Xl^ . (5.27) 
Collecting (|5.26p and (|5.27p . we deduce that 

iivxiii, + -^ / \m\<^, 

whence, in particular, 



\miw)\ = |m(0(X))| < 

Taking into account the fact that Vw = (so that iZ) is a constant) and that |m(X)| < mg, we conclude 
that 

3X1^ > : VX e Z(S) n D„,„ ||X||y + \w\ < Xl^ . (5.28) 

Thus, a comparison in (j5.25bp and the standard elliptic regularity estimate (cf. also the calculations 
developed throughout (|iH|) " (|i?T5)) '). yield 

3Xl^^^>0: VXeZ(S)nD„„ ||(/.(X)|U.(a) + ||X||M..,a(n) <3Cf„„, (5.29) 

whence, in particular, an estimate for X in L°°{^l). Then, using p.l7p . we readily infer that 

3Xt^>Q: VXeZ(S)nD™„ ||^(X)|U.(o) <3Ci„. (5.30) 

Finally, (|5.28p and (|5.30p yield that Z{§) n 2),„,-, is bounded in the phase space X, and the existence of 
the global attractor follows from Theorem 12.31 

In fact, with the same calculations as in the above lines, joint with a boot-strap argument, one easily 
proves that 

Vpe[l,+oo): 3Cp>0 XE Z{§)nV,no P||m/^,p(o) + ||^(X)|Up(o) < Cp. (5.31) 
Then, estimate p.34p is a straightforward consequence of (|2.27p and (|5.3ip . n 
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6 Proof of Theorems [SU and [3l2 

Proof of Theorem l3.1l Within this proof, wc denote by a positive constant depending on 5 > and 
on quantities p.26p . Referring to the notation of the statement of Theorem 13. 11 let us set Xq Xj — Xq, 
X := Xi — X2, and w:=wi— W2- The pair (X, obviously satisfies 

Xt + A{a{wi)) - A{a{w2)) = a.e. in 17 x (0, T), (6.1) 
SXt + AX + xl-Xl-X = w a.e. in X (0,T). (6.2) 

Following the proof of dH Prop. 2.1], we test hy {w - m{w)) , by ^(Xj + X, add the resuhing 
equations, and integrate over (0,t), t S (0,T). We refer to the proof of [IHl Prop. 2.1] for all the detailed 
computations, leading to (cf. [HI (3.51)]) 




An easy application of Gronwall's lemma to the function 1 1~> ||X(Olllf entails 

\\Mc'>i[o,t]:H)nL^o,t;V) + \\Kt\\L^o,t;V') + \\w\\L^o.t:H) < cs\\Xj^\\h- (6.4) 
Furthermore, exploiting (jHSp and the above (j6.4|) . it follows from the Holder inequality that 

||</>(Xi)-0(X2)||i.(o,t;H) 




< C* (^||Xi||^oo(o,T;L6(r2)) + ll'^2||L=e(o, T;L6(0)) + ij ll2(|lL2(o,t;y) < CiljXoll//- 

Next, we test (|6.2p by Xj and integrate in time to obtain 

^ UtW'H + l\Nim)\\H < ImoWi + C6 \\w\\i + ^* ii0(xi) - ^{x^Wh + mi^ . (6.6) 

In view of (|6.4p - (|6.6p . we readily infer the continuous dependence estimate (|3.27p for X in C°([0, i]; V) fl 
H^{0,t; H). Then, the estimate for ||X||i2(Q j.^-j follows from (|6.4p - (|6.6p by a comparison argument. n 



Proof of Theorem 13.21 Referring to the notation of the proof of Theorem 13.11 we again test (|6.1I) 
by N(w — m{w)), (|6.2p by ^^(Xj + X, add the resulting equations, and integrate over {0,t), t £ (0,T). 
Developing the same calculations as in the above lines, we note that the chain of inequalities (|6.5p is now 
trivial, since under the present assumptions the functions Xi and X2 are estimated in L°°(0,T; Z) (see 
Proposition 13.31) . On the other hand, the following term: 

/ / / m{w) {a{wi) - a{w2)) , 
Jo Jn 
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which was easily estimated in the proof of Theorem 13.11 now needs to be carefully handled because of 
the (at most) quadratic controlled growth of a'. Indeed, observe that 

|/| < / ||m(w)||i^(o)||a(wi) - a(w2)||Li(n) 
Ja 

Cj^ - 0(X2)|Ui(o)(l + WwiWf^^,,^ + \\w2\\f^^^^)\\whr(n)) 

Cj^ {\\Xh^n){l + il^illi^(o) + lh2|!i'L(o))|N|Li(o)) 

for some g G (0, 1) and Cg > 0. This modification gives, in place of 



< 



< 



(i-Q) f\\w\\% + d f\\mt)\\v+s\\m\\i+ f\m\H 

Jo Jo Jo 



<C \\X, 



(II^oIIh + + IklllL^(O) + \\^2\\t^^n))MH 



Thus, recalling (j3.21|) . we can use Gronwall's lemma to deduce (|6.4p . Estimate (j6.6|) can be obtained by 
arguing as in the proof of Theorem 13. 11 hence the result. n 



A Appendix 

We propose the following approximate system for both Problem [T] and Problem [2j 

Xt+ A{aM{w)) ^0 a.e. in rj X (0, T) , (A.l) 
SXt + AX + (l}^{X) = w a.c. in X (0, T) , (A.2) 

depending on the parameters 5, M, /i > 0, where 

( a{-M) + Ciir - M) if r < -M, 
anir) = \ a{r) if \r\ < M, (A.3) 

[ a{M) + Ciir - M) if r > Af, 

Ci being the same constant as in (|Hip . and 

^ sign(rj otherwise. 

It is immediate to check that, for any choice of the approximation parameters M and /i, the functions 
aM and 0^ are Lipschitz continuous on R and that 

aM a uniformly on compact subsets of R as A/ +oo, 
0p — ?• uniformly on compact subsets of dom(0) as /i \ 0. 

Of course, the Lipschitz constants of am and explode as M +oo and /i \j 0, respectively. Let us 
also point out that, by construction, 

a'M{r) > Ci > for all r € M, M > 0, (A.6) 
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which yields that the inverse pM : M — > K of a^j is Lipschitz continuous, with 

\pM{x)-pM{y)\<-^\x^y\ for all x, y e M, Af > 0. (A.7) 

What is more, relying on convergence (|A.5|) of 0^ to (j), one can also check that, foi p, > sufficiently 
small (say < p < p*), (|3.5p and (jHSp hold on this approximate level as well, i.e.. 



\fm^ dom((/)) = (a, 6) 3 C„i, C'„ > : \/ < p < p■^, \/ r <E [a — m,b ~ m) 

|0^(r + m)| < C„i(l)fj.{r + m)r + C,'„ , 



(A.; 



as well as 

3O0: VO<M<M* Vre(a,6) |(/)^(r)r < C (^^^(r) + 1) , (A.9) 

with (7 G (0, 1) as in (|H3[) . in particular, complying with the compatibility condition (jH4[) . 

It was proved in [181 Thm. 2.1] that, for every 5, M, yu > 0, there exists a unique pair (X,w), with 



X e L^{Q,T;Z)r\L°"{Q,T;V)r\H^{Q,T;H), 

w e L^{0,T;V), ''^'^^^ 
solving the Cauchy problem for system (jA.ip - (|A.2[) . supplemented with some initial datum X*^ £ V. 

Problem Pa,^^. In what follows, we approximate the initial datum Xq € V in (|3.12p by a sequence 

{Xo.^.} dH^i^) with Xo.^^Xo inV and sup ||0^(Xo.y.)|Ui(n) < +oo (A.ll) 

(for example, we can construct {Xo,^^} by applying (twice) the elliptic regularization procedure developed 
in the proof of Prop. 2.6]). 

For every S, M, p > 0, wc call Ps,m,^i the initial and boundary value problem obtained by supple- 
menting the PDE system (|A.ip - (jA.2|) with the initial condition 

X(0)=Xo,^ mH^{n). (A.12) 



In the following Section [A. 1[ we will prove some further regularity of the approximate solutions. In this 
way, we will justify, on the level of the approximate Problem Ps,M,fi, the estimates formally performed 
in Section 14.11 Hence, in Section IA.2[ we will develop the rigorous proof of Theorem [T] by relying on the 
aforementioned estimates and by passing to the limit in Problem Pa,^/,^^, first as J \ for M, p > 
fixed, then as M +oo for /i > fixed, and, finally, as ^ \ 0. 

Furthermore, it would be possible to give a rigorous proof of Theorem [2] by passing to the limit in 
Problem Ps,M4i first as M +oo for /i > fixed, and then as /i \ 0. However, we are not going to 
enter into the details of the latter procedure, which follows the very same lines as the one for Theorem[TJ 

Notation A.l. In what follows, we denote by Cs.m.^i various constants (which can differ from occurrence 
to occurrence, even in the same line), depending on the parameters S, M, and p, and such that Cs^m,h Z' 
+0O as either (5 \ 0, or M +00, or ^ \ 0. The symbols C^.^, CM,ii.^ and C^j have an analogous 
meaning. 

A.l Enhanced regularity estimates on the approximate problem 

First estimate. We note that w G L^(0,T;1/) and that, since t^,^ is a Lipschitz continuous function, 
X G L°°(0,T;1/) (cf. (|XT0]) 1 implies 0^(X) G L°°(0,T;1/). Thus, by comparison in (TO) , we have 
8dtX + AX G i2(0,T; V). Hence, testing (|X2|) by A(dtX) and using the fact that X(0) = Xq,^ G we 
deduce the estimate 

l|VatX|U2(o,T;H) + \\AX\\l^.(^,t;H-) < Cs^f., (A.13) 

whence 

X G L°°(0,r;Z) ni7^(0,r;F). (A.14) 



26 



Second estimate. Since om is Lipschitz continuous and w G L^(0, T; V), we have q;j\/(w) S i^(0, T; y). 
Estimate (jA.13p and a comparison in (jA.l|) yield a bound for ^(q;j\/(?x;)) in L^(0,T;y), whence 

RecaUing (|A.7|) and using the fact that w = pMictAiiw))-, we readily deduce the estimate 

\\M\L^io,T;W^:-=°{n)} < Cs.M.jj.- (A. 15) 

Third estimate. Using a parabolic regularity argument in (|A.2p and relying on regularity (|A.11|) for 

the approximate initial datum Xq.^, we deduce that 

\\dtX\\L2(o.T;W^-^+'in)) + II^X|lL2(o,T;H'i'3+e(n)) < Cs,M,^_i, (A. 16) 

where e > is a suitable number. More precisely, since Xo,^ G H^{Vl) C W^'^{Q), the above formula 
holds for any e S (0, 3] (cf. inequality (|A.26p below for a justification). Thus, by interpolation, we obtain 
that VX belongs to H^^'^{{), T; W'^'^+^{n)) and, recalling the continuous embedding W^^'^+''(Sl) C i°°(f]), 
we conclude that 

l|VX||ic»(o,r;L»(a)) < Cs,M,^- (A.17) 

Fourth estimate. Notice that, for almost aU t e (0, T), the function V {\w{t)Y'w{t)) = (p+l)|w(t)|^V-u;(i) 
belongs to L^(ri), thanks to (jA.lOp and (jA.lSp . Hence, for a.a. t £ (0, T), we can test (|X2|) by \w{t)Y'w{t), 
which yields 

\w{t)r^ 



^X{t)-V{\w{t)\^w{t))+ / ^^{X{t))\w{t)\Pw{t) + 5 / 9tX(i)|u;(t)|fu.(i) 

(A.18) 

(p+1) / |?i;(t)|PVX(i).Vu;(t)+ / ^^{X{t))\w{t)\Pw{t) 



5{p+l) / a^,(z«(i))kWnV«^W| 



2 



the second equality following from equation (jA.ip . We estimate the second term on the right-hand side 
of the above equality by using the bound for (?!)^(X) in L°°(0, T; i°°(fJ)), due to (IXTi]) and the Lipschitz 
continuity of (f)^. We deal with the first integral term as follows: 



<|||u;(t)r/2V«;(t)||,,(^^||h(t)r/2||^,(,,)||VX(i)|L. 

(A.19) 

<Q I \w{t)\P\Vw{t)\'' +Cs,M.t. I \w{t)\P 



\w{t)\PVX{t)-Vw[t) 



for some suitable positive constant gi, where we have also used (jA.17l) . Now, recalling (jA.6|) . we estimate 
the last summand on the right-hand side of (jA.18|) by 

-5{p+l) I a'Mt))\w{t)\P\Vw{t)\^ < -5{j>+l)C^ I \w{t)y\Vw{t)\\ 



and we move the above term to the left-hand side of (|A.18[) . Then, we combine the latter inequality 
with (jA.19|) . in which we choose q = ^i£i^i£Zi thus obtain, for a.a. t G (0, T), 



kWr' + 7^(p + i)Ci / \w{t)\p\yw{t)\^ <Cs.M.J I kwr'+ / \w{t)\ 

4 Jn \Jn Jn 



(A.20) 



Thus, we finally infer that 

w e L°°{0,T;LPin)) for allp e [l,oo), (A.21) 
whence, by the Lipschitz continuity of q;j\/, 

aM{w) e L°°{0, T; LP{n)) for all p e [1, +oo). (A.22) 
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A. 2 Rigorous proof of Theorem [T] 

Within this section, for aU S, fi > 0, we wiU denote by {{Xs_M_fj,,'ws^Ai,n)}s.M.n the family of solutions to 
Problem Ps,M,fi- 

First step. For fixed /i, M > 0, we pass to the limit in Problem P^^^ as (5 \ 0. We then perform the 
same calculations as in Section O (cf. (|i?T|) - (|T^ . (|i:7)) - (|iTTU)) ). Also relying on (|A.8p ~ (|A.9|) . we 

conclude that 

3C>0 : \fS,M,^>0 \\Xs^M,f,\\L'^{o,T-y) + \\w5,M,f,\\L^{Q,T-y} + Hf^iXsM.f^)\\L-^io.T-L^n)) ^^23) 

+ S^/'^\\dtXs,M,f,\\mo,T:L^-{n)) + \\{a'M{ws,M,f,))^^'^^Ws^RL^\\L^O,T;LHn)) < C. 

Recalling the definition of 0^ and its Lipschitz continuity, we also have 

>0 : Vd; A/>0 \\4>^{Xs < C^. (A.24) 
In the same way, estimate (|A.23[) for ws^m.fi and the Lipschitz continuity of aM yield 

3Cm>0: yS,fi>0 \\aMiws.AL^,)\\LHQ,T-y) <Cm- (A.25) 
Next, a comparison in (j3.19p and the maximal parabolic regularity result from yield 



c(<5) / \\dtXs,MMHn) + \\AXs,MMHn)<C II^M/,Mlli«(o): (A.26) 
Jo Jo Jo 

for some c{S) such that c{5) — > as (5 — > 0, where we have set 

In view of estimates (|A.23|) for ws,M,f,, (|A.24|) for <j)f,{Xs,M^^,) in L°°{0,T; V), and (|A.11|) for {Xq,^}, we 
conclude that 

\\h,M,fi\\L^{0,T;L<^in)) < Cfj_. 

Therefore, (|A.26|) gives 

3C,,>0 : V(5, M>0 \\Xs,MALHo,T;W^.Hn)) < C^. (A.27) 

On the other hand, estimate (|A.25|) and a comparison in (|A.1|) imply 

3Cm > : V5, A* > \\dtXs,MALHo,T;V') < Cm- (A.28) 

On behalf of the above estimates and arguing in the very same way as in Section [4.2[ we see that, for 
every fixed M > and /i > 0, there exist a sequence 5fc \j (for notational simplicity, we do not highlight 
its dependence on the parameters M and /i) and functions {XM,fj.,WM,ti,cxM,(i) such that the sequence 
{{Xsk,M4i,'ws^^M,tj.)} converges to (Xa/^^, wa/^^J, as fc -> +00, in the sense specified by (|4.29p - (|4.30|) . 
(g^, as well as 

dtXs,,M,^^ ^ 9tXM,^. in L\0,T; V), 
6l^^^tXs,,M,^,^0 mL\0,T;H), 
ctM{ws^M,ti) ctM^f_, in L^(0,T; y). 
Next, arguing similarly to the (formal) proof of Theorem [1] we conclude that 

0m(X5,,a/,,.) ^ 0p(Xa/,^) ini2(o,T;i/). (A.29) 

Finally, we use (|A.29p in the very same way as in Section to infer 

and 

aM{wSkM4i) -> ctM{wM,ti) in £^(0,T;iJ). 
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Therefore, we conclude that the pair (Xj\f^^, is a solution to the PDE system 

Xt+ A{aM{wj) ^0 a.c. in 17 X (0,r) , (A.30) 
AX + (f>f,{X) = w a.e. in 17 X (0, T) , (A.31) 

supplemented with the initial condition (|A.12I) . 

Second step. We now take the limit M /- +cx) in (the Cauchy problem for) (|A.30p - (|A.3ip . Esti- 
mates (jA.23|) and ()A.24[) hold for the sequence of solutions {{Xu^in wm,p)\m as well. Furthermore, using 
a lower-semicontinuity argument, we also deduce from (jA.27p that 

V<^M,iAW{'A,T:W^,^{0.)) < Cf, for aU M > 0. (A.32) 
Now, we point out that (jA.23[) entails 

/ [ a\j{wM,^)\\/wM.^.\^ <C forallM>0. (A.33) 
Jo Jn 

Let us denote by Tm the truncation operator at level M and define 

r -M if WM,^ < -M, 
TM ■■=7MiwM,t,) I WALf, ii\wM.^\<M, a.c. t G O X (0, T) (A.34) 

(to simplify, we omit the index fj. in the notation for tm)- For later use, we also introduce for a. a. t G (0, T) 
the sets 

{(.T,f) G r! X (0,T) : \wM,f,{x,t)\ < M} , 
:= {(x,t) G 17 X (0,r) : \wMA^^t)\ > M} , (A.35) 
■.= {x en : {x,t) G Om}- 



From (jA.33p . we also infer 



/ / a'(TA/)|VrMp < C for all M > 0, 
Jo Jn 



whence, in view of (jHip . 

lllTMr Vtm||l^(o,T;H) < C for all M > 0. (A.36) 

Now, in order to reproduce estimates (|4.23p - (l4.24bp in the present approximate setting, we test (|A.3ip 
by \TM{t)\PTMit) for a.e. t G (0,T). Clearly, 

WM,^{t)\TM{t)\PTM{t)> I |TA/(t)|P+2, 

t Jn 
so that we have (cf. also (lA.lSI) ) 

\TM{t)\P+^ <{p+l) f \TM{t)\P^XM{t)-WTM{t)+ f M^MjmTM{t)\PTM{t) 

Jn Jn 

<{p+l)\\\TM{tW\/TM{t)\\H\\VXM{t)\\H + C^ f \TM{t)\P+' (A.37) 



< C\\\TMitWVTMmH + 11^^ \rM{tW+' + C„ 

where the second inequality follows from estimate (|A.24[) and the last one from (jA.23[) and Young's 
inequality. Therefore, combining (jA.36p and (|A.37() . we find an estimate for ||rM||^t+2(Q) in i^(0,T) 
with some constant > which is independent of M > 0. On behalf of (jA.34[) - (jA.35|) . from the latter 
bound, we infer (recall that | • | also denotes the Lebesgue measure) 

C^> £ (j |A/|P+2 dx\ dt = |0*v,|2 dt > ^^^^|0m|' for all M > 0, (A.38) 
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where the last inequahty is a direct consequence of Jensen's inequahty. Next, we apply the nonlinear 
Poincare inequality (j2.15|) to \tmY'tm, thus obtaining (cf. (|4.22p ) 



\TMY'rM\\v < K {\\V{\tm\''tm)\\h + [^(tm)^^') 



In view of (|A.36p and of the definition of tm, we find an estimate for \tmY'tm in i^(0, T; V), again with 
some constant which is independent of M > 0. Hence, using the fact that V C L^{il) and the growth 
condition (|H1|) for a, we conclude that 



||a(TA/)||L''p(o,T;L»p(o)) < C,. for aU Af > (A.39) 
(where the indexes pp and Kp are as in p.6p : in particular, 1 < pj, < 2). Therefore, we have 



Jn JJam JJot, JJOn, 



- M\Pp 



< 2""-' / / \aiTM)\'''^+C\\wMAl%io.T-,L^.in))+C'MP^\'3M\ 
MP" 

<C,,+C + C- 



where the first inequality follows from the very definition (jA.3|) of a^/, the second one from trivial 
calculations, and the last one from estimates (|A.23p for WM.fi, (|A.38p for |0a/|, and (|A.39p for ^(ta/). 
Note that, since pp < 2, we have MP" /MP+^ -> as M +oo. 
Altogether, we find 

\\aM{wM,p)\\LPpio,T;LPp{n}) < Cfj, for all M > 0, (A. 40) 

which yields, by comparison in (jA.30p . 

\\dtXMj\LPpio,T;W-^-pp{n)) <Ct^ foranM>0, (A.41) 

W~^'Pp (ri) denoting here the standard negative order Sobolev space. 

Collecting estimates (|A.23p . (|A.24p . (|A.32p . and (|A.40p - (|A.4ip . we then argue in the same way as 
in Section 14.21 Thus, we conclude that there exist a subsequence Mk +oo as k ^ +oo (whose 
dependence on the index /i > is not highlighted) and functions (X^,w^) fulfilling p.l3p - p.l4p such 
that the functions {XMk,tJ.:''^Mk,t^) converge, as fc +oo, to (X^, w^) in the same sense as in (|4.29p - (|4.30p 
and (j4.32l) . while, in place of (|4.3ip . we only have 

dtXM.^f, ^ ^tX^, in LP"{0,T;W'^'P"{n)), 

which is, anyway, sufficient for what follows. Furthermore, there exists some g LPp{0,T; LPp{il)) such 
that 

aM{wM,,t.) ^ in LP"{0,T;LP"{n)). 

Again, we prove that 

0m(Xa4,^) 0^(X^) mL'{0,T;H) (A.42) 
and, proceeding as in Section lOl with (|X42|) we show that = a(i«^) and 

aA/fc(wA/fc,^) aiWf^) in i^(0, T; i^(f2)). 

Having this, we conclude that the pair {Xi^i,,w^) is solution to the PDE system 

Xt + A{a{w)) = a.e. in ^ x (0, T) , (A.43) 
AX + (l)p{X)=w a.e. in 1] X (0, T) , (A.44) 

supplemented with the initial condition (jA.12p . 
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Third step. Finally, we take the limit \ in (the Cauchy problem for) (|A.43p - (|A.44() . Estimate (|A.23() . 
with ajvf replaced by a, holds for the sequence {(^/i, w^)}^ for a constant C > which is independent of 
the parameter /i > 0. 

Furthermore, using the fact that system (|A.43|) " (|A.44p has the same structure as p.l8p ~ p.l9p . we 
argue as in (|4.14p - (|4.15p and conclude that 

3C > y li> : ||-^mIU2(0,T;H'2,6(o)) + ||(/>^(X/i)||L2(0,T;L6(n)) < C. 

From the bound for (q!'(w^))^/^ Vw^ in L^{0,T; H) (which follows from (|A.33|) by applying once more 
loffe's theorem), developing the very same calculations as throughout (|4.19p - (|4.24bp . we find 

3O0 Vm > : WdtXjL-,. (0, T; W-2'-p(f})) + ||«(i(;^)|U.p.(o,T;L'=P(n)) 

+ ||0/i(^M)IU'"'-{O,T;L6(O)) < C 

(where the indexes rjpa and q„ are as in (|3.6p and (|4.20p . respectively). 

Thanks to the above estimates, we conclude that there exist a vanishing sequence /ife \( and functions 
(X,w) satisfying (|3.13p - (|3.14p such that (X^^. , w^j^ ) converges to {X,w) in the topologies of (|4.29p - (|4.33p . 
We then pass to the limit as fc +oo in (jA.lip and, also in view of (jA.12l) . infer that X complies with the 
initial condition (|3.15p . Furthermore, we deduce from the strong convergence of X^^ to X in L^{0,T; H) 
that X^^ — >■ X almost everywhere in f2 x (0,r). Using the uniform convergence (|A.5p of {(pfi^} to (f>, we 
infer that 

(/)^,(X^Jx,t)) ^(/)(X(x,t)) for a.a.(a;,0 e f7 x (0,r). 

Then, taking into account the uniform integrability of {^/^(X^^)} in L^{Q,T; H) (which follows from 
(|A.45p . noting that aq^ > 2), in view of Theorem 12. II we obtain 

mL\0,T;H). (A.46) 

Then, we again argue as in Section 14.21 and use (|A.46p to prove that 

a{w^,)^a{w) in L^{0,T;L^{n)). 

Having this, we conclude that the pair (X,w) is solution to Problem [TJ which finishes the proof. □ 
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